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ON EQUILIBRIUM PATTERNS OF FLUID §ODIES SITUATED
AT LIBRATION POINTS

Iu.V. BARKIN

The motion of a fluid body is considered in a field of Newtonian attraction of two
bodies circulating about a common center of mass along Keplerian circular orbits,
Particular solutions of the problem are obtained on the assumption that the dimen-
sions of the fluid body are small in comparison with the distances between the bodies.
To these solutions correspond positions of the body center of mass at libration
points of the limited circular problem of three bodies, a fixed position of the
principal central axes of inertia in an orbital coordinate system, and ellipsoidal
equilibrium patterns.

The first steps towards formulation of the general problem of motion of a system of de~-
formable bodies gravitating to each other were taken in /1/. The basic idea is that transla-
tional motions of celestial bodies, the rotational motions of their axes of inertia, and
motions of individual particles of these bodies are interrelated and must be generally investi~
gated jointly. The first integrals of the problem of deformable bodies (integrals of momentum
and of moment of momentum which generalize classic integrals) were obtained in /1/, where
cases of existence of the energy integral were also indicated.

1. The equations of motion of a fluid body. Consider the motion of a homogene-
ous fluid body M in the field of Newtonian attraction of two bodies M, and M, moving around
their common center of mass G on Keplerian circular orbits. We shall consider bodies M,, M,
as material points, and assume that the mass of body M is negligibly small in comparison with
masses m; and mg of basic bodies M, and M,. Particles of the fluid body interact with each
other in conformity with Newton's law.

Let GXYZ be an inertial coordinate system with origin at the center of mass of bodies
My, M, and axes GX, GY in the plane of the basic bodies orbit; let Gryz be a rotating co-
ordinate system whose axis Gz coincide with axis GZ and axis Gz coincide with line MM,
and be directed toward body M,; OXYZ be a coordinate system with origin at the center of mass
O of the fluid body and axes parallel to the respective coordinate axes GXYZ, and Oyl be
the "proper" coordinate system of body M whose axes are oriented along its instantaneous prin-
cipal central axes of inertia.

We define the motion of the body by the following coordinates: I, Y, Zp the coordinates
of its center of mass 0 in the fixed axes, Euler's angles ¥, 8, ¢ which determine the respect-
ive orientation of coordinate axes Ofn{ and OXYZ, coordinates and projections & n, L u, v, w
of the relative velocity of individual particle of the body in the system of coordinates Oini,
and projections p, ¢ and 7 of the angular velocity of rotation of the proper coordinate system
on axes O%, Oy OL.

The equations of motion of body M are obtained using the principle of least action, as
formulated by Hamilton-—Ostrogradskii /2/, and expressed in variables Zos Yos Z0s Py @y T, U, U, W,
E,m ¢ are of the form
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where
m == PoSdT, po=const, Q=) prEgt+r?, A= Pt!S(']2 + L% dr, B=PoS(§2+ dr
C=pyJ M+ 80dr, P=p,fnw— ydr, ©Q=pfu—tw)dr. R pe]Er—mode
The equations for Ye Ze ¢, 7, U, W are obtained from Egs.(l.1)— (1.3) by cyclic permutation

of respective variables. The system of equations is closed by the addition of the continuity
equation gu/dt + duv/dn -+ dw/dl = 0 and of Euler's kinematic equations /3/.

In Egs.{(1.1)— (1.3) Q is the angular velocity of rotation of the body axes of inertia,
A, B, C are the principal central moments of inertia that correspond to axes (g, Oy ,» O¢ of
the body, P, Q, R are projections of the moment of momentum of fluid particles in the "proper"
coordinate system on axes Qf, On, OL, a;; (i, j = 1,2,3) are the directional cosines of axes 0Oinl
in the system of coordinates @XYZ which are known functions of Euler's angles /3/, m is the
mass of the fluid body, and D is the pressure. Integration is extended over the whole volume
1 occupied by body M at a given instant of time.

The force function U of Newtonian interaction of the fluid body with the basic bodies
My and M, is defined by the expansion
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where | is the gravitational constant, r; is the distance between the center of mass of body M
and body M, (i =1,2), B;, y, are cosines of angles between the straight line M, 0 and the axes
of inertia Oy ,0l, and =z, y; (z; = 0) are coordinates of body M in the inertial coordinate
system. Function ¥ combines all higher harmonics, beginning with the third, of expansion [,

Function U’defines the Newtonian interaction of an arbitrary particle of body Af that oc-
cupies volume dr of the body with its remaining components and material points M,, M..

2 .
. . - T
U =Zbi + Uy, U, =7

=1

, c d

Ri=(zx—1 P+ (y—y*+ 2% U =fDoST:‘
where R; is the distance of the considered point of the fluid body with coordinates T.Y. 2
from body M; in the inertial coordinate system, and R, is the distance between two arbitrary
points of body M at coordinates z’,¥’,z and z,y,:z in axes GXYZ , respectively, i.e.

T =Ty oanh o aen ol .

= Ty + angl -+ a;z'ﬂl +oa, ...

where §, w, ¢ and I, 7', {' are coordinates of the indicated points in "proper"” axes. Integra-
tion in U, is extended over the whole volume occupied by body M.

Let us point out some of the singularities of Egs. (1.1)-— {(1.3), which constitute a system
of integro-differential equations. The motion of individual particles of the body is related
to its principal central axes of inertia. The three basic kinds of motions of the fluid body,
viz. translational, rotating and deformation are interdependent /1/. Equations (1.1)— (1.3
admit one first integral which is a generalization of the classic Jacobi's integral for the
limited circular problem of three material points or that of two points and an absolutely rigid
body.

2. Equilibrium patterns of a fluid body situated at rectilinear libration
points. we shall aim at finding such particular solutions of Egs.(1.1)— (1.3) according to
which body M moves as an absolutely rigid body. In such motions the particles of the fluid
body are stationary relative to its principal central axes of inertia, i.e. yu=yp=uw =0,
P = Q = R = 0 and the moments of interia 4, B,C are constant.
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Let us make the simplifying assumption that the dimensions of the bedy are small in com-
parison with the distances OM, and OM, This enables us to introduce in the investigation the
small parameter p = R/f, where K is the largest dimension of the fluid body and F the min-
imum distance to the attracting bodies M,;, M,.

We disregard in the right-hand sides of equations of motion the terms of order p. The
equations of translational motion are then separated from Egs.(1.2) and (1.3), assuming the
form of equations of the limited circular problem of three bodies (three material points). Equa-
tions (1.2) and (1.3) remain interconnected and become integrable only after some solution of
Egs. {1.1) has been obtained for p = 0. Note that when p = 0 the terms calculated for the
approximate value of the force function U, determined by formula {1.4) with W =0, are
retained in the right-hand sides of Egs.{1.2).

Taking into account the assumptions made above, Egs.{1.1l) and (1.2) admit the stationary
solutions

Ty = 0; COS nE, Yo = oy sinnt, z,==0, n®=f(m, + ma;”* (2.1)
p=0, g=n r=0 6=n/2, =0, v=nt

where #, is the radius of the orbit of basic bodies, g, is the constant coordinate of mass
center of body M on the rotating axis Gz that corresponds to one of the three libration

points (@ = — agP;, Xy = QgPy, %3 = 8y {1 - pj), where py, p,, p; are constant quantities which are
determined by solving known algebraic equations, depending on the single parameter 4 — my/m,
/3/).

Solution (2.1) shows that the center of mass of the fluid body is located at one of the
rectilinear libration points, and that its principal central axes of inertia have a fixed
position in the rotating axes Gzyz, The body then rotates at constant angular velocity =»n
{equal to the mean /velocity/ of the orbital motion of the basic bodies} relative to  axis
On of the orthogonal orbit plane.

It remains to determine whether any solutions of Eq.(l.3) are also valid for variables
(2.1) when p = 0. We shall show that on certain assumptions about the fluid body form, such
solutions exist.

Let us assume that body M is a homogeneous ellipsoid with semiaxes a, b, ¢ ,(setting for
definiteness & >¢ > ), corresponding to inertia axes O, Oy, 0¢, and findout what constraints
are to be imposed on the problem parameters, if Egs.(1.3) are to admit ellipscidal equili-
brium forms for solution (2.1).

For this we write the expression for the force function U, of the homogeneous ellipsoid
for the internal point (E, 7, () /3/

Uy = f(Fo— F,BF — Fyn* — Fyl%) (2.2}
¢ ds ¢ ds
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When p =0, the force functions U, ,U, are determined by formulas
Ul g (22— 2, —r3 4 303 (i=1,2), r=(+0+ 0%
where r; is the distance of body pf, from the corresponding libration point and r is the dist-
ance of the particle of fluid at coordinates &, v, { from the center of mass of body M.
It is then possible to show that in the case of solution {2.1) and p = § the hydrodynamic
equations (1.3) admit the first integral

Dipy = DE 4 O + DL + D& - const (2.4)
®1=—;-n2+f<';;—+ :Zs)—-iFl {2.5)
1 a
D= — 5 {7+ 22 P,
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Oy =i (2 22y R,
Oy =nla; —f (T + 22)

For the existence of ellipscidal equilibrium patterns it is necessary that the iscbar
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D = const defined by Eqs. (2.4} and (2.5) coincides with the external surface of the fluid el-
lipsoid surface. For this it is sufficient that the equalities

(2.6)
(2.7)

D0 = ©,b% = Byt
D, =

be satisfied.
Condition (2.7) is satisfied by virtue of solution (2.1) for the orbital motion of the

body /3/.

Conditions (2.6) together with formulas (2.5) define new sequencies of ellipsocidal equil-
ibrium patterns for each of the rectilinear libration points, with the obtained equilibrium
patterns becoming Roche's ellipsoids when v =0 (m, = 0).

3. Equilibrium patterns of a fluid body at triangular libration points.
When y=v=w=0,p=0, Egqs.(1.1) and (1.2) admit one more stationary solution

(1 — ) 3. 1 3
zn=—;(1+vv)—(‘osnt—‘ao}2/ sinnt, yo—ag((l-i-x) sinnt + °V cosnt, z,=0 (3.1)
p=0.g=nr=0 06=n2 ¢=0 ¢=1p,4nt
cos o= — btV gin gy =AWV
Yo Vit sin 2y, VT (3.2)

(for the system Earth—Moon v =1/81.3 and V¥, = 60°1824").
Solution (3.1) implies that the center of mass of body M lies at the triangular tibration

point L, of the limited circular problem of three bodies, and the axes of inertia retain a
fixed position in the rotating coordinate system Gzxyz. Axes Ot, Ollie in the plane of the
orbit, with axis Of remaining at the constant angle ¢, to the moving axis Gz (Fig.l).

Let us now assume that the body is a homogeneous ellipsoid with semiaxes a4 >¢ > b The
force function U, is now, as previously, determined by formulas (2.2) and (2.3), while for
force functions U, U, we have with the stated accuracy the following expressions:

Uie= ¢ ¥ 2 (£ (— cos* g + 58int Py =t 3 Tsin 2¢y) +
02— sm2 Yo + 5c0s? o T 3 3sin 2) — B8 (sin 290 £ V'3 cos 2) — 4y}
where ¥, is the constant angle defined by formula (3.2). As the result the first integral of
hydrodynamic equations assumes the form
Dipe = W\8* - ¥on® + W * 4 WiE + Wil 4 Weln 4 const
1, = —%— n*— g%‘ {(my + my) cos 290 + V 3(m, — my)sin 29s] — fF,

¥, =— % n — fF,
Yy=-am n’ + [(mx + ms) c08 2 + ¥ 3(—my+my) sin 24]—fFy

w.z[n;a:&—;)v) SN ]oostpo-—{."iﬂal/.‘l V3 (m‘+m')]sm%
Y= [ "—;"——-—;’1“_’:)") fm‘ L4 fmy ] siny, + [ l’%ﬁ_-——‘gi’, (m + m,)} cos Yo

Y= (sm 20 +- VB €08 2) — 3’ m‘ =5 (3in 295 — V'3 cos 2¢0)

The conditions of existence of ellipsoidal equilibrium patterns of the body located at a
triangular libration point is determined in conformity with solution (3.1) by the system of
equalities
¥ia® = Wb = Wy, Y., =¥, =¥, =0
It can be proved that in the case of the obtained value of ¢, (3.2) W¥¢ =0, while the
¥,, ¥, vanish by virtue of the solution of equations of the translational-rota-

quantities
The remaining equalities reduce to the form

tional motion (3.1).
(a1 + 8(v)] — fF)a® = (— 3 — fFy) b = (3.3)

f ppvprupe:d

Crnt it — sl —fFa e, b(n= YI=YEY



Equilibrium patterns of fluid bodies 453

which for v = 0 coincide with the known condi-
tions of existence of Roche's ellipsoids /5/
and determine a sequence of ellipsoidal equili-
brium patterns for the fluid body located at a
triangular libration point L.

Remarks. 1°. condition p =0 implies that
terms of order (E/r)? (a very small quantity in
the case of real celestial bodies) are neglected
in the right-hand sides of Egs. (1.1).

20. When p=0, the rotational motion of
axes of inertia of body M are determined by the
second harmonics of force functions of bodies
M,M; and M, M; (in this case the force function
U is defined by formula (1.4) when W =0).

30. When p =0 for a given circular motion
of relative equilibrium of the fluid body, the
problem of its ellipsoidal equilibrium patterns
is formulated as the Roche's problem /5/.

(o] . s . : : .
4~ ., For the derivation of exact particular solutions of equations of motion, and in-

vestigation of their stability the methods in /2,5/ and others may be used.

REFERENCES

BARKIN Iu.V. and DEMIN V.G., The problem of motion of a system of mutually gravitating de-
formable celestial bodies. Annot. Trans. All-Union Conf. On Mech. of Continucus Media.
Tashkent, Fan, 1979.

MOISEEV N.N. and Rumiantsev V.V., Dynamics of Bodies with Cavities containing a Fluid.
Moscow, NAUKA, 1965,

DUBOSHIN G.N., Celestial Mechanics : Basic Problems and Methods. Moscow, NAUKA, 1975,
BARKIN Iu.V., On the motion of a space vessel relative to the center of mass located at the
point of libration of the system Earth-~Moon. Kosmicheskie Issledovaniia, Vol.1l8, No.2,

1980.

LICHTENSTEIN L., Equilibrium Patterns of a Rotating Fluid /Russian translation/. Moscow,
NAUKA, 1965.

Translated by J.J.D.



